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Abstract—In this paper we examine near-optimal SLAM exploration extends these studies from near-optimal sgnsi
exploration in Gaussian processes. We propose a submodular (see e.qg. [2], [7], [12]) to an application area where samsin

sensing quality function that extends studies from discré gjiaq themselves bear uncertainties. In the followingisest
sensor placement to an autonomous sampling scheme where ive the th tical details of h
sensing sites must be visited frequently. This is beneficiah W€ 9IV€ he heoretical details of our approach.

the SLAM context, where sensing sites themselves bear uneer )

tainties. Also in time-critical applications, we have to bdance Il. NEAR-OPTIMAL SENSING

modeling accuracy against sensing time, which introducesaisy We consider a random vectd’y, on RVl where vV
samples with only limited replications at each site. denotes a set of possible sensing sites. Following theiantat

_Our SLAM studies were inspired by our previous studies on ¢ ka6 [7], we can now define the sensing quality of a
indoor mobile robot localization that utilizes ambient magnetic

fields. Those studies were based on observations that most SUPSetA C V' with a set function
indoor magnetic field distortions originate from concrete s$ruc-
tures, which make these spatial fluctuations stable over tim F(A) = P(yv)u(yw A)dyw (1)
Magnetic vector fields can be modelled by three orthogonal
Gaussian processes that provide a flexible framework for wherey,, is a realization of a random vector andy,,,.A)
localization. . . . is a utility function.

In the first part of this paper we prove that, in Gaussian In spatial sampling design (see e.g. [1]), the objective is

processes, mutual information provides near-optimal soltions . - . L . .
when each sensing site can be visited infinite times. We also O find @ set of sensing sites that maximize sensing quality.

conjecture that the optimal sites are within a set of sensing In general, however, this is BIP-hard problem and often

sites where the quality of processes is to be estimated. This one must rely on a greedy algorithm to find a suboptimal
enables near-optimal sensing when the sensing sites are defil  go|ytion.

in a probabilty space. A . . )
In the second part we provide technical details and equation Near-optimal sensing (see Guestin et. al [2]) refers to-solu

required when working in a SLAM context. We show that, Fions that.can bg guarantegd to attain some level of optimal-
considering pose uncertainties, we can use a greedy policy ity. In their studies, Guestrigt al. proved that for a mutual
to select sensing sites that provide a near-optimal solutio information criterion, a greedy algorithm guarantees near
for modeling and give information required to decrease pose gptimality when |A| < [V]. In the following subsections
uncertainties. Finally, in order to evaluate our approach, we we prove that this can be extended to applications where
built preliminary simulations of vector fields. .
we are required to take more than one sample from each
. INTRODUCTION possible sensing site. In addition, we propose a conjecture

SLAM exploration is usually considered in binary occythat allows us to consider near-optimality also in contimio

pancy distributions or in discrete feature distributiossg S€NSING spaces.

e.g. [13], [6]). We extend these views to continuous distria  putual information criterion

butions of spatial variables which are given in metric space . . - .

b . . . Near-optimal sensing originates from the studies by
y stochastic processes that express a correlation found én

nature. This approach was inspired by our previous studiesueStrIn et al. [2], where they based their research on

on indoor mobile robot localization that utilizes ambiem’r;{ondecreasmg submodular set functions. As was proved by

magnetic fields [3]. Those studies were based on obsergatio emhauser [8], for functions of tb'ls kmd' a greedy algqnth
can be guaranteed to attain— ¢~ optimality. In sensing

that most indoor magnetic field distortions originate from gplications, as noted in [7], a greedy algorithm oftendgel

concrete structures, which make these spatial fluctuatioR Lk
: even much better optimality.
stable over time.

One way to model these magnetic vector fields is to Following from the work of Nemhausest al. [8], sub-

. . modularity in set functions can be stated as
use three orthogonal Gaussian processes. Gaussian @®cess

[10] provide a flexible framework for regression, requiringF(AU{s})_F(A) > F(BU{s})—F(B), forallseVy
only a limited number of hyperparameters for successful (2)
prediction. These have been extensively studied by Plag&here A C B C V. Intuitively this means the increment
mann [9] in robotic regression and by Guesteinal. [2] in  provided by adding a specific element is never greater for
near-optimal sensing. Our approach for near-optimal SLAM superset, which is closely related to concavity in vector

spaces.
Authors are with the Computer Science and Engineering laboy, pl ial . idel d criteri is b d
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Finlandf i r st name. sur name@e. oul u. fi the concept of selecting sensing sites that provide minimum



entropy for a random vector at unobserved sites [1], [11B. Criterion for replicated measurements
Resulting from constant joint entropy, this entropy cidar Consider a normal vector given by
can be simplified into a sensing quality function
Yyv=Fy+Wy 9)
Fr(A) = H(Y 4) ®) L ,

) ) _ consisting of two independent normal vectaFs; relates to
where A C V. Even though this set function can be easily, spatial variable an#Vy, to noise. Now we define a set of
proved to be submodular, for random vectors on continuotﬁbssime sensing sites by

probability space the entropy criterion cannot be guaehte
to be non-decreasing, as was noted in [2]. Fundamentally, V={s51,...,5m} (10)
_this is_related to proble_ms_with differe_ntial entropy, \_/\Hnic and a set of replicated sensing sites by

is an improper generalization from discrete to continuous
random variables, as was stated by Jaynes [4]. In that sense U={s],...,s" ....sL ....s"} (12)
it is more reasonable to use mutual information that capture

j . . .
the expected information gain that sensing provides fovlyheresi denotes an element at sitevith a counting number

random vectors. 7. Next,_ we prove that i_n th_is C_ontext when — oo, the
The mutual information criterion can be given with twomutual information criterion is given by
equal forms Fyr(A) = H(Fy) — H(Fy|Y 4), (12)
Fyr(A) = H(Yy) - H(Yv|Y ) and whenA c U, this is a non-decreasing submodular set
= H(Y4)—-H(YAYy). (4) function.

_ i . Proposition 2.1:Let V andi/ be as given in (10) and (11),
and the increment that selection of a new element prOV'd?éspectively. Whem — oo, mutual information is given by

IS (12).
Sur(slA) = Fur(AU{s}) — Far(A) Proof: Consider mutual informatiod’;;(A) so that

= H(Y4Y,)-H(YAY,Yy) Fyr(A) = H(Y 4) - H(Y 4lYu)

- HY )+ HYalYy) = H(YA)_/p(yu)H(YA|yu)dyu(13)
= H(Y |Ya)-H(Y Y AYy).

_ . here
which is always nonnegative. However, the problem relate\g

to near-optimality is that this criterion cannot be conséde H(Y 4lyy,) = — /p(yA|yu) log p(y 4lyy,) dy 4.
submodular, sincésr(s|.A) — dar(s|B) cannot be guaran-
teed to be nonnegative. From the consistency of a normal vector, for an estimgtor

In sensor placement applications, one is often mostlye have asymptotic density
interested in minimizing the uncertainty of a random vector ) _ _
at sensing sites where these sensors are not placed. This nh_{gop(fﬂyu) =(fv = fv)
is reasonable, since plaplng f|?<ed SENsors in some Sm.asvxllﬁere 0(-) is Dirac’s delta function andf,, is the true
expected to provide maximum information about these sites. ;... : . :
. : . . Tealization from which noisy sampleg, are induced. Now,
In their studies, Krause and Guestrin proved that by usi " ; X
r conditional density(y 4|y;,) We can integrate

the mutual information criterion, this concept providesame

timal solutions. Now th tual inf ti iterion is ;. . = = =
optimal solutions. Now the mutual information criterion is . pyalyy) = lim /p(yA|fv7yu)P(fv|yu)dfv
given by n00 nso0
= pYalfv,y

Fus(A) = HYwa) - B walY0) () BalFy, )

. = plyalfy)
and the increase by ) - )

where the last line follows from conditional independency.
omr(s|lA) = HY s|Y 4) — H(Ys|Y z) (6)  Finally, from the invariance of a probability measure (ie th

whereA = V\ (AU {s}). This mutual information criterion differential) we have

is submodular, since p(yy,) dyy, = p(£y,) dfy
H(Y|Y4)>H(Y.Ys) whereACB (7) Substituting these into equation (13), we have

and lim Fyr(A) = H(Ya)— H(Y 4|lFy)
H(Y Y3 >H(Y Y7 whereBCA (8) o = H(Fy)—H(Fy|Y 4)

and non-decreasing whéfi(Y ,|Y 1) > H(Y s|Y ). In the [ |

following subsection we extend this criterion to applioas Proposition 2.2: When A C U, mutual information given
where sensing sites must be visited frequently. by (12) is a non-decreasing submodular set function.



Proof: For the mutual information, the increment isalso a valid presentation of sensing quality. For a Gaussian

given by process marginalized iW, entropy is given by
omi(slA) = H(Ys,Ya)— H(Y,, Y s|lFy) H(Fy) = log+/(2re)™|Kyy)|
— H(Y A)+ H(Y 4|Fy) = 0.5log|Kyy| + const. a7)

= H({Y|Y) - HY,|[Y 4 Fy), (14) where Ky, is the covariance matrix among vector elements.

and whenA ¢ U, the mutual information increment reducesRespectively, conditional entropy is given by
to

Sur(slA) = HY Y1) — H(Y |Fy)  (15) HEVIY4) = / 0510 [Kyviy, [P(y.) dy4 + const.

where the last part follows from consistency, i £, contains = 05log|[Kyyjal + const. (18)

all pOSSible information from basig. This criterion is non- where the last line follows when we state that the hyperpa-

decreasing and also submodular, since rameters are fixed. For predictive variance we have
Sarr(s|A) — 6arr(s|B) = H(Y4|Y 4)— H(Y,|Y5) Kyyja = Kyy — Kb 4 (Kaa+ Ra) ' Kya (19)
> 0

where R4 is a diagonal noise variance matrix. In that
where A C B C U. m sense the mutual information criterion depends only on
From purely a modeling perspective, the proposed critdS 4(Ka4 + R4) 'Ky, and it is reasonable to believe
rion is reasonable, since it describes the expected infisma that this is maximized whenl C U.
gain for a spatial model, given noisy measurements. In
autonomous sensing we are interested in extending this Il SLAM EXPLORATION
to continuous sensing spaces, which is presented in thein the SLAM framework, the modeling problem is related

following subsection. to the uncertainty of sensing sites, which can be stated as
o _ _ (X*, %, 1) so thaty is a probability measurg(z*) dz*. In

C. Sensing in continuous metric spaces autonomous modeling this uncertainty can be described by a
Consider a continuous metric sensing space given tsfochastic procesX* = (X1,..., X}) 2 which is usually

X c R4 whered denotes the dimension of a sensing area@assumed to be first-order Markovian, so that,
Instead of random vectors, randomness in metric spaces is
expressed by stochastic processes and in relation to normal Xit1 = 9(X3,Us) (20)

distributions, by Gaussian processes. A Gaussian process (ynere g(X;,U;) is called a motion model and/; is a

[10]) is defined by random control variable. In this context, sensing qualéy c
f(@) ~ GP(m(x), k(z, £)) (16) be described as an action selection problem, so that,
wherem/(z) is the mean function ant(z, ) is the covari- E[Fyi(a)] = /szfn(wk(a))p(wk(a))dfﬂk(a% (21)

ance function. Now the set of all replicated sensing sites is
given byS = X" and, in principle, we could now formulate Where
a near-optimal sensing application in continuous metréce

using cril?erion (12). Hgowpe?/er, in practice this is intrz-bjtap X*(a) = (X1, X5(a1), .., Xp(ar-)),

and instead we are now interested in knowing the expectgd_ (a1, ,ax_1) andU; = Ul(a;). Now we are trying to
information gain that some arbitrarily selected set of BENS finq a sequence of actiomse A*~! for which the expected
sites A C_ka |A| = k would provide for a Gaussian processmal information given by (21) is maximized. For sub-
marginalized on basiy. ' In our tests with different valid oqylar functions, any convex combination of submodular
covariance functions, it seemed that the optimal sensteg si fnctions is also a submodular function. In that sense, the
could be, in fact, within site3’. Based on those tests, We gypected mutual information is also a submodular function.
propose the following conjecture. In principle, in each iteration we could use a greedy

_Conjecture 2.3:Let A C X, |A] =k, andV andi/ are  gqorithm to find the optimal action? € A. However, this
given by (10), (11), respectively. Now the maximum mutualyqyidn't necessarily guarantee near-optimality unlegioac

informationmax Fiy (A), whereFyr(A) is given by (12),  spaceA is continuous, since we would be required to attain

is provided whenA C U. _ all possible combinations of sensing sites, which in pcacti
The premises needed to prove the conjecture are basgdintractable. Instead, we rely on Conjecture 2.3 to find

on the entropy of normal distributions and the positiv,ear-optimal actions when sensing sites are given by fertic

definiteness of a covariance function. Since Propositidn 24iscretization. This is presented in the following subigect
did not restrict4 to belong to any special set, (12) is now

2Note thatX* refers to a sample space arki* to a random vector
INote thatA is a discrete metric subspace Xf*. Xk . Xk - Xk,



A. Action selection policy After applying & measurements we have a predictive mean

Consider a discrete distribution of sensing sites so th@ the expected sensing sites, given by

sensing quality is given b — _
94 yisd y m(ppy1) = m(pgyq) + kfﬂ,k(Kk,k + Riy) !
. ik ik < (yp —m(py)) (25)
E[Fyi(a)l =Y Fur(zk(a)) P(Z¥(a)) (22
i=1 whereky, 1, is a cross-covariance vector among the predic-
where}~?_, P(‘z*(a)) = 1 andq is the number of particles. tive and measurement sites akf, ; iS a covariance matrix

Instead of searching through all possible actions, here Wer the measurement sites.
base our approach on Conjecture 2.3. We now require for all Jacobian w.r.tk 4- 1 sites and dimensions of the sites is

particles given by
FMI (wk(a))greedy Z (1 - Q)FMI (A)g'r‘eedy H = ( M M M )
1 Oz 777 Oz 7 T 7 OTpyia
> (I-a)(l—e )Fur(Aopr
where fori = 1,..., k sites, partial derivatives are given by
where A C U. If Conjecture 2.3 is true, this guarantees
near-optimality over the continuous metric sensing spaceom(p;, 1) T ., om(py,)
XP*. If Conjecture 2.3 is not true, this still guarantees near- T” = k16 (Ekk + Rix) (_Tij)
optimality compared with the optimal solutidfy;; (A)opr ' ok -
at discrete sensing siteg. In practice this means that, + LR (K4 Res) !
on each iteration, we can select an action that provides a O j ’ ’
near-optimal increment for each particle drawn from the < (Y —m(py))
motion model. In order to make this practically faster, we — kpprg - (Kpgp+ Rig)™!
compute actions required to reach from the current expected 0Ky, .
site to sites that provide near-optimal solutions for araide : 8I—”(Kk,k + Ry i)
case, i.e., when the sensing site distribution is given by a "
delta function. From these actions we select only those that (yi. = m(n)
provide near-optimality for all particles. and for thek + 1th site, by
So far, we have considered actions that provide near-
optimality for modeling. In SLAM exploration, we are om(py,4q) om(py4q)
interested in actions that provide minimum posterior uncer Ok, - Ok,
tainty for sensing sites while guaranteeing near-optiy & ks i .
modelling. In the following subsection we develop equadion + 81:7 (Kg + Ryx)
to quantify uncertainties related to sensing sites in Ganss kg
processes. (e mlwy) -
B. Minimizing the uncertainty of sensing sites In order to quantify sensing site uncertainty, we can use

. . , o ) . the differential entropy of normal random vectors given by
Following particle discretization, we can build a Gaussian

approximation for sensing sites so that H(Xk+1|yk) = 0.510g |Chy1 41|y, | + const.
k
X"(a) ~ N(py(a),Cri(a)) (23)  where covariance’y 1 41|y, IS computed using the ex-
tended Kalman filter update. In each iteration we now select
and covariance matrix, respectively, for actioms — the near-optimal action for which the entropy of the sensing

(a1,...,as_1). Particle weights can be computed using'sites is minimized. The full iterative procedure is present

either marginal likelihood over all measurements, LOO pre!l Algorlthm 1. o .
dictive probability among measurements, or simply by itera At the input we have the set of sensing sitsparticle
tively multiplying the previous weight value with the likel distribution X*, greedy increasé” = maxsey darr(s|A),
hood of the latest measurement. In our experiments, we dif1ere |A| = k, error boundary, and measurementg,.
not find a significant difference between these approachéd, the output we have the r;ceallr-optlmal actioh and the
and we used the last alternative on our implementations. UPdated particle distributioX ™. On lines 2 - 7 we build

In order to estimate the posterior uncertainties of sensir{% set of actions that provide near-optimal solutions for an
sites for each possible actionc A, we need to linearize ! eal sensing site distribution. On lines 8 - 15 we restrict
the Gaussian process with a first-order Taylor approximatiothis t only those actions that are guaranteed to provide

In our approach, we used a Taylor approximation around near-optimality for all particles. On line 16 we select the
mean function. i.e. action that provides minimum posterior uncertainty for the

sensing sites. Finally, on line 17 we update each partidie wi
m(Trs1) = m(pygr) +m (Ppp)(@rs1 — pyyr). (24)  a sensing site provided by the near-optimal action

where p,(a) and Cyi(a) are weighted sample means



Algorithm 1 Near-optimal SLAM exploration iteration compute these w.r.tos(#) andsin(#). Finally, all Jacobian

Input: V, X*. 5* a, m elements are transformed into sensor coordinates, so that
Output: X*+1 g .

A <0 HY = (Hy(r1,1), Hy(x1,2), Hy(cos(6h)), Hy(sin(61)),

2: for all s €V do 3 3 3 o3

3 if 5(S|E(Xk)) > (1 — a)5* then ooy Hy(xpt11), Hy(zr412), Cy, S%),

4: compute control actioms from E(X) to s where

5: A— AU {as} 3 -1 3

6: end if HZ() =R (9k+1)H ( )

7: end for '

8: forall a € A do 3 T

Cy = 0

o for all z* c Xk do (ml(ﬂk+1)7 mQ(iu’kJrl)a )

10: draw z41(a) ~ g(x, Ula)) '

11:  end for 3 T

S5, =(—m ,m , 0

12 if 3z* € XF 1 §(@pp1(a)|mi) < (1 — a)s* then 7 = (malpera)s map), 0)

13: A — A\ {a} and C%, S%, are partial derivative vectors w.rtos (6 1)

14:  end if and sin(6;1), respectively.

15: end for . For Gaussian processes we used a squared exponential
16: : a* « argminge 4 H(X", Xky1(a)lyy) covariance function given by

17:: XM — XF U Xy (a¥)

i x — &|?
k(x,&) = o? - exp <_|T)

IV. EXPERIMENTS whereo? is signal variance antt the length-scale hyperpa-
In order to provide some preliminary quantification, werameter, and the partial derivative is now given by
built three simulations that considered near-optimal SLAM Ok (xy, 1)

exploration in stationary Gaussian processes with known =2 (z;; — xk,;) - k(xi xK).
parameters and hyperparameters. In these simulations we
used three-dimensional vector fields modeled by three of our simulations we use@lfc = 52 andi2 = (500mm)? for
thogonal Gaussian processes. The reason for this is in oy models, whereas our sensing environment was restricted
magnetiC field localization studies [3], where we used $'axito a square area with lower and upper Corn:émm7 Omm)’
magnetometers. _ _ (4000mm, 4000mm), respectively.

In the first two simulations we considered a somewhat For each vector field component we drew a dataset of size
easier concept where the mean function is a function i1 41), presented in Fig. 7, from a zero mean model with the
the sensing sites. This can be viewed as an example Qfperparameters given above. In the simulations these were
SLAM exploration in the areas where we have learned thgmmed with mean functions, where we used the same mean

parametrical model based on previous measurements in SofRction for each process. Three different mean functioas a
discrete sensing sites. In the third simulation we used @yen py

constant mean function, which is more practical in totally

unknown areas, however harder to deal with in localization. m(2) = 20 - sin(0.001 - 1) + 20 - sin(0.001 - x2),
The quality of the models was evaluated by their mean

squared errors, whereas for sensing site uncertaintiesed u m(x) = 0.01- 21 +0.01 - 22, m(x) =0

only a graphical representation. The following subsedtion , , . .
present the simulation results with required details of th@nd noisy samples were generated by using bilinear interpo-
models. lation and noiser2 = 0.12.

The motion model used in the simulations is given by

3xi7j

A. Simulation models

. Xiy11 Xi1+ Ag(ai) - cos(0; + Ar(a;))
The sensor model for our magnetometers is given by Xivre | = | Xiz+ Aua)-sin(®; + Ar(a;))
Z3(x,0) = R(O)Y > (x) (26) Oit1 O; + Ar(ai)

where R(6) is a left-handed rotation matrix. This is indeedWhere A;, A, are normally distributed univariate random
an ideal case, since in order to cope with sensor inclinatidiPhtrol variables given by

and non-orthogonality in the sensor axis, we used an addi- 9 9

tional calibratiogn matr)i/x in the actual experiments. Faofiiag Ar(a) ~ N(pr(a), pr(@)” - 61+ pe(a)” - 62)
from the sensor model, mean function partial derivativegnq
must be computed also for orientation. We won't go into
the details here; however, in practical use it was easier to Ai(a) ~ N (pe(a), pe(a)? - ¢z + pr(a)? - d4)



where the motion model parametefs, ..., ¢, define the
variances of these distributions (see e.g. [14]). In theusim
lations we used

d
é1 = 0.082 . ¢ = (0.00005222,
mm
mm
= (0.05)2 = (8—)2
¢3 = (0.05)° , o4 =( rad)

which were intended to model the true error parameters fi
our robotic platforms.

B. Results

In our simulations we used a setup where the errc
boundary was set tee = 0.3, the number of particles was
limited to 50, resampling was performed when the effectiv
sample size was below half of the number of particles, ar
the set of discrete sensing sit¥sconsisted of 256 evenly
spaced sites. Fig. 2. Particle distribution after the 40th iteration ofraelar mean function.

Fig. 1. Particle distribution after the 40th iteration ofiaesmean function. Fig. 3.  Particle distribution after the 20th iteration of enstant mean
Black and green arrows are the true and mean control (odgmedaths, function.

respectively. Grey dots represent particles, red dotsatggesensing sites,

and blue dots are the most likely sensing sites.

Figures 1, 2 and 3 present typical particle distributions foWhen vyorklng in a near-optimal domal_n. The authors be"‘?ve
each simulation model. For the non-constant mean functioH%alt W'th a greater number of particles, a larger action
we were able to build around 40 iterations until the parti:‘se.IeCtlon space, and qscglable error bounda_\ry,_we candexten
cle distribution was unable to converge, which caused thtgIS to real-world applications using magnetic fields.
algorithm to not find any near-optimal action. As one would 0 0 "
expect, for the constant mean function particle dispersic
was much faster, which typically allowed algorithm to run zo‘ﬂi 20%& Zo\m
only around 20 iterations. 10

Figures 4, 5, and 6 present the mean squared errors o 5 0 % 5 % % 5 2
each simulation and each vector component. These errors
were evaluated at sensing sit¥susing predictive means Fig. 4. Mean squared errors w.r.t. sampling iteration of e sinean
provided by the ideal greedy sampler and the near-optimfgﬂrfddt')‘l’ﬂé (Ff;grC?cl,?rﬂ:g%is;mfedeES;% t{;‘f near-optimal BlLéxplorer
SLAM explorer w.r.t. the true realizations presented in.Fig ’ greedy sampler
7. In order to compute predictive means for the near-

optimal SLAM explorer, we used expected sensing sites as V. CONCLUSIONS
inputs to the Gaussian processes, with necessary rotations '
for measurements. In this paper we examined near-optimal SLAM exploration

These simulations were only preliminary; however, theyn Gaussian processes. We proved that for applicationsavher
gave important information about the difficulty involvedsensing sites must be visited frequently, mutual inforomati
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Mean squared errors w.r.t. sampling iteration of astant mean

provides near-optimal solutions. We extended this to oonti
ous probability spaces where the sensing sites themselves a
random variables. We showed that with particle discretiza-
tion, this framework can attain near-optimality.

In order to provide some preliminary results, we built
three simulations of vector fields. These simulations shav t
difficulty involved when working with a fixed error boundary
in near-optimality, even with ideal models. In our magnetic
field research domain, these indoor vector fields are highly
non-stationary (cf. [3]) which motivates us to use adaptive
models, such as presented in [5], in our future work.

In our parallel experimental paper [15] we conducted
experiments with magnetic field SLAM. In that paper we
showed that magnetic field SLAM is feasible, given a
sufficient amount of replicated measurements and a large
particle set. This motivates us to continue our research on
near-optimal exploration.
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Fig. 7. Vector field realization (a), (b) and (c) for compotsefy, fo and
f3, respectively.
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